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Preface to the series 


At the present time there is a growing dissatisfaction with mathematical 
work in schools. There is a feeling that the content of courses does not 
fit in with the present-day needs of science and technology, industry and 
trade. At the same time the attitude of teachers towards the teaching of 
mathematics is undergoing a fundamental change. More and more 
teachers are coming to feel that teaching by ‘rule’ is not good enough. 
They want children to find out more for themselves, to question what 
they are doing and to find their own ways of solving problems. Fhey want 
children to understand rather than to learn like parrots. 

These two movements—the modernisation of the content of mathe- 
matics and the shift of emphasis from ‘the teacher teaching’ to ‘the child 
learning’—are going on together in many countries. They both make 
large demands on teachers, especially in the primary school. These 
teachers now need to take a new look at mathematics itself and at the 
same time try to introduce more enlightened methods in the classroom. 

If these changes are to come about, teachers in schools and students in 
training will need all the help they can be given. It is for this purpose that 
this series of short books has been written. The aim is to give teachers and 
student-teachers a new mathematical background so that they can 
introduce modern mathematics in the primary school:.The books do not 
set out to deal with the classroom situation itself but they do present, at 
teacher level, the kind of approach now being introduced into schools. 

The first five books will provide a background to the first three years 
of mathematical work in the primary school. Further books will cater for 
the whole primary range. The approach is simple and straightforward 
and no previous knowledge is assumed. Many exercises (with answers) 
are provided at each stage; they need to be worked through very care- 
fully. The exercises not only consolidate the work already done but 
provide the starting-point for the next stage. 
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u 
1. SOME NUMBER PATTERNS 


A. Patterns in number squares 
In Book 2 of this series we looked in detail at operations with sets and 
numbers. This we did using only small numbers. We now go on to look 
again at these and other operations and, at the same time, to extend the 
work to larger numbers. 

In much of this we are often helped by making use of patterns which 
show themselves in sets of numbers. These patterns can arise in many 
different ways, as can be seen in the following exercises. 


Exercises 
1. Here are the numbers from zero (or nought) to ninety-nine set out, in 
order, in a number square. 


ol 1) 2) 3] 4] 5] 6] 7/8] 9] 
a | 

10 [11 [12 [13 [14 [15 | 16 [17 |18 | 19 

20 [21 [22 | 23 | 


30 |31 |32 
40 |41 | 42 


(a) What do you notice about the rows of numbers? 

(b) What do you notice about the columns of numbers? 

(c) What do you notice about the numbers along the diagonal from 
0 to 99? 

(d) Do you notice anything about any other lines of numbers in the 
pattern? 
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2. Use graph paper to make copies of the number square in exercise 1 
(or use those already drawn on worksheet 1). Using a separate copy 
for each example, shade all the small squares containing: 

(a) even numbers. 


(b) numbers in the Sequence 3, 6, 9, 12, 15,..., 99. 
(c) numbers in the sequence 4, 8, 12, 16, 20,... , 96. 
(d) numbers in the sequence 5, 10, 15, 20, 25,... oes 
(e) numbers in the Sequence 7, 14, 21, 28, 35,..°. , 98. 
(f) numbers in the sequence 9, 18, 27, 36, 45,... > 99. 


What do you notice about the pattern formed in each case? 


3. Draw more copies of the number square or use those on worksheet 2. 

(a) Use one colour to shade the multiples of 2 (even numbers). 
Use another colour to shade the multiples of 4 (4, 8, LZ cisera) 
What do you notice? 

(b) Use one colour to shade the even numbers. 
Use another colour to shade the multiples of 3 (3, 6, 9,.. sk 
What do you notice? 

(c) Use one colour to shade the multiples of 3. 
Use another colour to shade the multiples of 4. 
What do you notice? 


AEA 
a: 5+3= 8 8 
6+4=10 
st oXOi ei Cele le 
B45. 13 
HATE eh [a | 
| 


Use another copy of the number square on worksheet 2. 

Choose any number in the Square, say 53. Add the 5 and the 3. 

On one of the blank Squares on worksheet 2, part of which is shown, 
write the total, 8, in the position corresponding to the 53. 

Choose another number, say 85. Add the 8 and the 5, to get 13. 

In this case, as the total is greater than 9, go on to add the | and the 
3 of the 13. Write the total, 4, on the blank square. Deal with all the 
numbers from 0 to 99 in the same way. What do you notice about the 
number patterns in the new square? 
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5. This number square has 


only nine rows and nine 
columns. 


10 


Copy and complete the 


square. (Use worksheet 3.) 


By using different colours 
or different kinds of 


shading, show: 
(a) the even numbers. 


(b) the multiples of 3. 


(c) the multiples of 5. 
(d) the multiples of 7. 


What do you notice about 


the patterns formed? 


a 


. This number square has eight 
rows and eight columns. 


Copy and complete the square. 


(Use worksheet 3.) 

Now repeat (a), (b), (c), and 
(d) of exercise 5. 

What do you notice about the 
patterns formed? 


~ 


. This number square has seven 
rows and seven columns. 


Copy and complete the square. 


(Use worksheet 3.) 

Repeat (a), (b), (c), and (d) of 
exercise 5. 

What do you notice about the 
patterns formed? 


Compare the patterns formed in 


exercises 5, 6, and 7. 


= 
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B. Patterns in tables of addition facts : 

In Book 2, Operations with Sets and Numbers, we built up a table of 
addition facts. It is shown again below so that we can refer to it more 
easily. 


Second number 


2] 3 5! 6] 7] 8] 9 
0 1| 2 3 5| 6| 7] 8 
i 2| 3] 4/ 5] 6[ 7] 8] 9fi0 
212) 3] 41s] 6! 7] sl olnola 
& lel of 
8| 3/3] 4{ 5] 6] 7/ sf oltolnl ia 
is} 
21 4/4 | 51 6] 7] 81 9fiolulialis 
z s[s [6 71 81 9|10 ni 13| 14 
616 7| 8 9{10] 1112/13/14} qs 
is Sic 
7| 7] 8] 9] 10/11 /12]/13laatisli6 
ale aT 
8] 8 | 9} 10/11] 12/13] 14/45! a6laz 
—- 
9} 9 | 10) 11 | 12/13] 14/15] 16) a7) ae 
Exercises 


8. Look at the table above. What do you notice about: 
(a) the numbers in the rows? 
(b) the numbers in the columns? 
(c) the numbers along the diagonal lines? 


9. Can you see any kind of symmet: 


Ty in the pattern. of numbers? If so, 
write a short statement about it. 


10. Can you explain why there is s 
going from 0 to 18? 
What important property of the 
is shown by this symmetry? 


ymmetry about the diagonal line 


natural numbers under addition 
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11. Use the commutative property of the natural numbers under addi- 


tion to complete the table of addition facts for the base shown. 
(Use worksheet 3.) . 


(a) base five (b) base four 


12. Use the incomplete table of addition facts (base eight), shown below, 
to complete the additions: 
(a)2+5= (c)4+6= ()4+7= 
(b)5+7= (d)3+4= (f)3+5= 


SOME NUMBER PATTERNS 


C. Patterns in tables of multiplication facts 
Here is a table of multiplication facts in base ten. 


1 
0 0 
1 il 
2 2 
3 3 
4 4 
5 5 
6] 0] 6 
© | O:| 74 21 | 28 35 | 42 | 49 | 56 | 63 
8 | 0| 8 |16|24|32|40 | 48 | 56 | 64! 72 
9] 0] 918 27 | 36 | 45 | s4 63/72/81 


Exercises 

13. Look at the table above. What do you notice about: 
(a) the numbers in the rows? 
(b) the numbers in the columns? 
(c) the numbers in the diagonal lines? 


14. Can you see any kind of symmetry in the table above? If so, write a 
short statement about it, 


15. In the table above can you explain wh 
diagonal line going from 0 to 81? 


What important property of the natural numbers under multiplica- 
tion is shown by this symmetry? 


y there is symmetry about the 


16. How does a knowledge of the commutative property of natural 
numbers under multiplication help in learning the above facts? 


6 


ry 
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17. On a copy (worksheet 4) of the table of multiplication facts shade 
or colour all the squares containing 24. 
What do you notice? 


18. On another copy (worksheet 4) of the table of multiplication facts 
colour all the squares containing: 
(a) 8 (b) 12 (c) 16 
Use a different colour for each number. What do you notice? 

19. Use the commutative property of the natural numbers under multi- 
plication to complete the table of multiplication facts for the base 
shown. (Use worksheet 4.) 


(a) base five (b) base six 


1| 2) 3) 4 x(O| 1) Bisa, s 


20. Without doing any multiplication, copy and complete the table. 
(b) 
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: erns using 10 (in any base) _ 
Nee oF us can add eee 10, multiply by 10, and divide by 10. 
But we do not always realise how important this work is in mathematics. 
We do not see, for example, that, in base ten, multiplication by 27 cannot 
be understood unless multiplication by 10 is understood. 

One of the reasons for this is that so many of us were taught rules such 
as ‘add a nought’, ‘cross off a nought’, far too early. We were not asked 
to think but only to follow the rules. In this way we got the correct 
answers but did not understand what we were doing. Even now many of 
us would find it difficult to explain where the rules come from and why 
they work. ; 

The purpose of this section is to give some understanding of the im- 
portant part played by 10 in addition, subtraction, multiplication, and 
division and to look again at rules which help us to get our answers 
more quickly. : 


We shall work in various bases.* This emphasises very much the part 
played by 10 whatever base is used. 


Note: Be careful about how you say or write ‘10’ in words. 
In base ten, 10 is called ‘ten’. « 


But in base eight, 10 is 1 eight and 0 units and should be spoken as ‘one, 
zero’ or ‘one, nought’. It must not be called ‘ten’. 


Exercises 
21. Copy and complete the table. 
Number Value in the base Value in base ten 
10 (base eight) leight 0 units 8 
10 (base six) 
10 (base four) 
10 (base twelve) 


22. Copy and complete: 
(a) base five: (i)3 + 10 


= (@i)10+2= (iii) 10+ 10= 
(b) base eight: (i) 4 + 10 = Gi) 10+6= (ii) 10 + 10 = 
(c) base six: ()24+ 10 = Gi)10+5= (iii) 10 + 10 = 
(d) base four: (i)1 + 10 = Gi)10+2= (iii) 10 + 10 = 
(e) base nine: (i)8 + 10 = G@i)10+6= (iii) 10 + 10 = 


* The reader is reminded that the idea of the use of various bases was introduced in Book | and 
developed, with the operations, in Book 2, 
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23. Copy and complete: 
(a) basefive: (i) 144+10= Gi) 10+ 13= (iii) 21 + 10 
(b) base eight: (i) 17 +10 = i) 10+ 12= (iii) 56 + 10 
(c) basesix: ()15+10= (ii) 10+ 14= (iii) 44+ 10 
(d) base four: (i) 11+10= (ii) 10 + 13= (ii) 12+ 10= 
(e) basenine: (i) 18 +10= Gi) 10+17= (iii) 65 + 10 = 
(f) baseten: (i)15+10= (i) 10+ 19 = (iii) 76 + 10 = 


24. What can you say about the result of the addition of 10, in any base, 
to a number in the same base? 


25. Copy and complete: 
(a) basesix: (i)14-—10=  (ii)32 -10= (iii) 45 — 10 = 
(b) base eight: (i) 14-—10= ii) 32 — 10 = (iii) 77 — 10 = 
(c) base seven: (i) 14-10 = ii) 32 — 10 = (iii) 65 = 10 = 
(d) base ten: (i)14—10= (ii)32 - 10 = (iii) 99 — 10 = 


26. What can you say about the result, in any base, of the subtraction 
of 10 from any number greater than 10? 


27. Copy and complete: 


(a) base five: (i)4 x 10= (i) 10 x 3= (iii) 10 x 10 = 
(b) base eight: (4x 10= i)10x7= ii) 10 x 10= 
(c) basenine: @4x10= G0x2—  GH10«10= 
(d) base ten: (i)4 x 10= (ii) 10 x 5= (iii) 10 x 10 = 


28. Copy and complete: 
(a) base seven: (i) 12 x 10= (ii) 10 x 16 = (iii) 50 x 10 = 
(b) base three: (i)12 x 10= (ii) 10x ll= (iii) 20 x 10= 
(c) base six: (i)12x10= (ii) 10x 14= (iii) 45 x 10= 
(d) base ten: (i)12x10= (ii) 10 x 19= (iii)83 x 10= 


29. What can you say about the result, in any base, when a number is 
multiplied by 10? 


30. Comment on this statement: ; 
When a number is multiplied by 10, the same digits appear in the 
answer, but each is one place to the left. A zero is in the units place. 
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In Book 2, Operations with Sets and Numbers, we saw that in division 
we make use of known multiplication facts. For example, to find the 
answer to 21 + 3, we make use of our knowledge of 7 x 3 = 21. This 
enables us to say that 21 + 3 = 7. 


Exercises 

31. Use the multiplication fact to write the answer to the division: 
(a) base ten: 7x 10 = 70 70+10= 
(b) base five: 4x 10 = 40 40+10= 
(c) base six: 2x 10 = 20 20+ 10 = 

32; 


33 


34, 


35. 


36. 


Copy and complete the multiplication. Use the result to complete 
the division: 


(a) base six: 14x 1 


O= 140 + 10 = 
(b) base eight: 1S x 10 = 150 + 10 = 
(c) base five: 23 x 10 = 230 + 10 = 
(d) base ten: 39 x 10 = 390 + 10 = 
. Copy and complete the division: 


(a) base eight: (i) 40 + 10 = (ii) 70 + 10 = (iii) 40 + 10 = 
(b) base six: (i) 50 + 10 = Gi)20+10= (ii)30 + 10 = 
(c) base ten: (i)80 + 10 = (@i)90+10= (iii) 40 + 10 = 
Copy and complete the division: 

(a) base ten: (i) 120 + 10 = Gi)160+10= (iii) 190 + 10 = 
(b) base ten: (i) 250 + 10 = (ii) 270 + 10 = (ili) 280 + 10 = 
(c) base ten: (i) 490 + 10 = (ii) 500 + 10 = (ili) 620 + 10 = 
Comment on the following statement: 

When a number with a zero in the units place is divided by 10, the 


same digits (except the zero in the units place) appear in the answer, 
but each is one place to the right. 


Find the remainder (all the examples are in base ten): 


(a) 51 + 10 (d) 70 + 10 (g) 178 + 10 (j) 305 + 10 
(b) 75 + 10 (e) 142 + 10 (h) 191 + 10 (k) 509 + 10 
(c) 98 + 10 (f) 156 + 10 (i) 256 + 10 (1) 999 + 10 
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37. Complete the division (all the examples are in base ten): 
(a) 69 + 10 (c) 150 + 10 (e) 205 + 10 (g) 856 + 10 
(b) 71 + 10 (d) 192 + 10 (f) 679 + 10 (h) 909 + 10 


38. Write a rule for the division, in any base, of any number by 10. 


Important ideas in this chapter 

1. The patterns which can be found in number squares. 

2. The patterns which can be found in tables of addition facts in various 
bases. 

3. The patterns which can be found in tables of multiplication facts in 
various bases. ° 

4. Addition and subtraction of 10 in various bases. 

5. Multiplication and division by 10 in various bases. 


ll 


2. SOME PROPERTIES OF NUMBER SYSTEMS 

A. Properties of numbers for addition, subtraction, ; 
multiplication, and division 

In Book 2, Operations with Sets and Numbers, we examined some of the 

properties which the natural numbers have for the operations which we 


use in our everyday calculations. To remind us, these properties are 
listed below. 


(a) The commutative property 
For addition and multiplication we get the same result in whatever 
order we write the two numbers. For example, 


for addition 9+4=13 and 449 = 13 
for multiplication 5 x 7 = 35 and 7 x 5 = 35 


For subtraction and division the natural numbers do not have this 
property“For example, 


for subtraction 9-444~-9 
for division S+24228 


(Remember that # stands for is not equal to.) 


(b) The associative Property 


ction and division a change in the 
the result. 
ultiplication, the natural numbers 


(c) The distributive property 

Because, for example, 6 x B+4=(6x 3)4 (6 x 4) we say that, 

for the natural numbers, multiplication is distributive over addition. 
Likewise, multiplication is distributive over subtraction. 
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B. Properties of numbers for other operations 

For many years most of us have made use of the commutative, associa- 
tive, and distributive properties of numbers without using these names 
and without questioning whether they were true. We found them out 
through our own experiences and accepted them. This may cause us to 
think that they are not very important. But this is not so. As we go further 
in mathematics and meet new numbers and new ideas we shall find that 
we are increasingly interested in these properties. They become very 
important. 

For this reason we are going to look at one or two unusual operations 
with the natural numbers which we have not met before. This should 
cause us to think rather more carefully about the commutative, associa- 
tive, and distributive properties. 

For each of these new operations we need a name and a symbol, in the 
same way as we have the name addition and the symbol ‘+’. ° 

In the table below each operation is described and we have made up 
a name and a symbol for it. 


Operation Ec Name Symbol 


(a) locas the smaller of the two numbers. | smalleration xd 


eg.7%5=5 


(b)| Find the lowest common multiple of locomultation | © 
the two numbers. 


e.g.4@6 = 12 


Divide the larger of the two numbers remainderation 
by the smaller and write down the 
remainder. 


eg, 13 KS =3 


(c 


NS7) 


Here are some more examples of each operation: 


a @9% 2= 2 (i 5% 12= 5 (iii) 76 vx 19 = 19 
(b)@5@ 3=15 (ii) 6 @ 15 = 30 (iii) 14@ 4 = 28 
() )4H17= 1 (i) 5 24= 4 (ii) 54K 8 = 6 


13 


SOME PROPERTIES OF NUMBER SYSTEMS 


Exercises 
1. Copy and complete: 
(a) 8% 12= (c) 15 *% 60 = () O* l= 
(b) 9 ¥% 72 = (d)99 % 4= (f) 100 x 10 = 
2. Copy and complete: 
(a)7 %6= (c) 12% 19 = ‘(e) 101 x 99 = 
(b)6%7= (d) 19 4% 12 = (f) 99 x 101 = 


Do the natural numbers for smalleration have the commutative 
property? 


3. Copy and complete: 


@4x5)*x10= © (6x Iles = () Ox 1) %2= 
(b)4%(5%10)= (d) lbwIkek5= (HOXA#2D= 
Do the natural numbers for smalleration have the associative 
property? 


4. Copy and complete: 


(a) 4 ve (5 + 2) = (c) 17 ¥ (19 + 3) = 
(b) (4 ye 5) + (4 2) = (d) (17 ¥¥ 19) + (17 4% 3) = 
For the natural numbers, is smalleration distributive over addition? 


5. Copy and complete: 


(a) 4+ (5 42) = (e) 17 + (19 x 3) = 
(b) (4+ 5) % (442) = (f) (17 + 19) % (17 + 3) = 
©5+(*%7)= (g) 45 + (0 ¥ 99) = 
MS+)*x64+7)N= (h) (45 + 0) + (45 + 99) = 


For the natural numbers, is addition distributive over smalleration? 


6. Is there an identity element for smalleration with the natural numbers? 
If so, what is it? 


7. Copy and complete: 


(@a4@9= () 8@18= (ce) 16@ 12 = 
(b|)9@4= @18@ 8= (f) 12 @ 16 = 
Do the natural numbers for locomultation have the commutative 
property? 
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8. Copy and complete: 
(a2)(8@6@4= (11269 @10= ()(15@10)O9= 
()8@6O4= M12@90@10)= (ff) 15@(1069) = 
Do the natural numbers for locomultation have the associative 
property? 
9. Copy and complete: 
@a8@(6+4)= (c) 12 @ 9 + 10) = 
(b) (8 @6)+8@4 = (d) (12 ® 9) + (12 @ 10) = 
For the natural numbers is locomultation distributive over addition? 
10. Make up examples to find whether, for the natural numbers, addi- 
tion is distributive over locomultation. 


11. Make up examples to find whether: 
(a) the natural numbers for remainderation have 
(i) the commutative property, (ii) the associative property. 
(b) for the natural numbers 
(i) addition is distributive over remainderation. 
(ii) remainderation is distributive over addition. 
12. Is there an identity element in the natural numbers for: 


(a) locomultation? (b) remainderation? 


Important ideas in this chapter 
1. The importance of the commutative, associative, and distributive 


properties. 
2. Operations other than addition, subtraction, multiplication, and 
division. 
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A. Addition without ‘carrying’ and subtraction 

without ‘changing’ ; 
The understanding of addition and subtraction with bigger numbers 
depends upon the understanding of place-value. That is, for example, 
that the numeral 24 represents 2 tens and 4 units (base ten). 

Once this is understood there is no difficulty in adding, for example, 
24 and 63. The 24 represents 2 tens and 4 units: the 63 represents 6 tens 
and 3 units. So altogether there are 8 tens and 7 units. The result can be 
shown as 24 + 63 = 87. 


At this stage it does not matter which is added first, the tens or the 
units. 


The addition can also be shown in a vertical form, TU 
with or without the ‘TU’ heading, 24 
The addition sign can be put to the right of the 4 +63 
or to the left of the 6 (as shown here). 87 


Additions in which the sum of the units and the sum of the tens are 
each less than ten can all be done in this way. 


A subtraction, such as that shown on the right, 


TU 
where, in both the tens and the units, the 68 
number in the bottom line is not greater than —43 
the number in the top line, can also be done 25 


by dealing with the tens and units in turn. 


It is interesting at this 
do this kind of subtracti 
or aloud). 


Here are some of the phrases used, in dealing with the units: 


Eight take away three leaves five. 

Eight subtract three is five. 

Three from eight leaves five. 

What must I add to three to make eight?—five. 

What is the difference between three and eight ?—five. 


point to note the various ways in which people 
on and the words they use (either to themselves 


The use of these various phrases comes from the different ways in 
which a subtraction can arise, as discussed on page 20, Book 2. 
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B. Addition with ‘carrying’ 
In many additions, in base ten, the sum of the units is ten or me and 
we have to consider what needs to be done when this happens. 
We cannot show a number greater than nine in the units column. Nor, 
in fact, in any column. This would not fit in with the idea of place-value. 
Let us consider the addition 46 + 8. Using the idea of place-value 
we can write: 


46 +8 = (40+ 6) +8 
40 + (6 + 8) associative property 
4 


= 40+ 14 

= 40 + (10 + 4) 

= (40 + 10) + 4 associative property 

= 50+4 

= 54 
We can show this more shortly by setting down TU, TU 
the addition in a vertical form, as shown. 46 46 
Dealing first with the addition of the units, + 8) + 8! 
we get a total of 14. The 4 is written in the bien a 


units place in the answer. The | ten is ‘carried’ 

to the tens column. (For convenience and to make 

sure that it is not forgotten, this 1 is sometimes 

written in the position shown.) 
This 1 ten, together with the 

5 tens, and a 5 is written in the tens column 0 


final answer of 54. 
The word ‘carried’ is used because, for many years, counters were 


used to help with this kind of reckoning. Then, in a situation like that 
above, a counter would be moved or carried to the tens column. 
The idea of ‘carrying’ can, of course, be extended to the other columns 


when bigger numbers are added. 


4 tens of the 48, then give a total of 
f the answer. This gives a 


Exercise 
1. Complete the addition in the base shown: 
(a) base eight (b) base six (c) base nine (d) base two 
16 25 48 1.1 
+_4 +15 Pa af 
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C. Subtraction with ‘changing’ 

In subtraction, as in addition, we soon meet examples where we cannot 
deal with the numbers in the units column in one step. For instance, in 
the subtraction 34 — 18 (base ten), we cannot give an answer to 4 — 8. 
So we must look for another method. 

Note: Some of us may be thinking ‘This is easy. All you have to do is to 
borrow one and then pay it back.’ But where is the ‘one’ borrowed from? 
And is it paid back properly? Some people say you have to borrow from 
one number and pay back to another! In fact, when they start to think 
about it they begin to realise that they are not at all clear as to what they 
are doing. They get the right answer but do not understand why they 
get it. 

Is this saying of words and phrases, like a parrot, without understand- 
ing, really necessary? Is it not just as easy to understand, to use correct 
words and phrases and, at the same time, get the answer right? Let us see. 
Exercise © 
2. Find a way of doing the subtraction 34 — 18 by thinking of it as: 

(a) What must I add to 18 to get 34? 

(b) What is the difference between 18 and 34? 

(c) If I take 18 from 34 how many are left? 

(d) How many more is 34 than 18? 

(e) How many less is 18 than 34? 


By thinking of a subtraction in the several ways of exercise 2, we begin 


to see that there are many ways of finding the answer. Here are some of 
the possibilities: 


(a) 18 + 2= 20; 204+ 19 = 30; 30+ 4= 34 
I must add (2 + 10 + 4), that is, 16 to 18 to get 34. 
So 34 — 18 = 16. 


= tram Won amin oct pac aos a ee 
(b) 5 2 os 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 


I can think of the ‘18’ and the ‘34’ as points on a number line. 


By counting, I find there are 16 spaces between the point for 18 and 
the point for 34. 
The difference between 18 and 34 is 16. I write 34 — 18 = 16. 
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(c) I can take 18 from 34 in several ways. For example, 
(i) 34 —4 = 30; 30-10 = 20; 20-4 = 16 
34 — (4+ 10 + 4) = 16 
34 — 18 = 16 


(ii) 34 = 20 + 14and 18 = 10+ 8 
so 34 — 18 = (20 + 14) — (10 + 8) 
(20 — 10) + (14 — 8) 
10 + 6 

16 


(4 + 2) — (18 + 2) 


36 — 20 
= 16 


Wl 


(iii) 34 — 18 


i 


(d) To find ‘how many more is 34 than 18?’ I can use the method shown 
for (a) or that for (b). 

(e) To find ‘how many less is 18 than 34?” I can again use a 
but count backwards from 34. 
Of course, I could think of ‘how m 
asking ‘what is the difference?’. 


number line, 


any less?’ as being another way of 


Looking at these various ways of subtracting we see that there are, in 
fact, two main approaches. In one we find ‘the difference’; in the other 
we ‘take away’. It is important to remember this when we come to make 
up rules for doing subtractions quickly. 

Before we go on to these rules, however, We ought to look again at the 
idea used in (c) (iii) above. There we added 2 to both the 34 and the 18 
and then thought of the subtraction, 34 — 18, as 36 — 20. This is an 
important idea and needs to be understood. Here are some more 
examples in base ten: 


(c) 71 — 32 =(71 + 8) — G2 + 8) 


(a) 62 — 27 = (62 + 3) - 27+ 9) 
= 65 — 30 = 79 — 40 
= 35 =39 
(b) 56 — 19 = (56 + 1) - (19 + D (d) 60 — 41 = (60 + 9) — (41 + 9) 
=57—20 = 69 — 50 
=37) =19) 
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D. Standard methods of subtracting 

There comes a time when it is more efficient to TU 
adopt a standard method for subtracting, especially 34 
when it is set down in a vertical form, as shown. -18 
There are, of course, many such methods. Two of 
the more widely used are described below. 


(a) The method of decomposition TU TU ic v 
Dealing first with the units we see 34 2 4 24 
that we need more units in the =e =4'9 -18 
top line. So we use one of the 3 —s — 16 
tens. We change it to 10 units. — a 


We can now either: 

(i) subtract the 8 from the 10 (10 — 8 = 2) and add 4 to the result 
(2+ 4 =6);or 

(ii) add the 10 to the 4(10 + 4 = 14) and then subtract the 8 from the 14 
(14 — 8 = 6) 

The advantage of (i) is that there is no need to memorise facts for 

subtraction from numbers greater than 10. 

Note: No ‘borrowing’ or ‘paying back’ takes place. We break up or 


‘decompose’ the 3 tens into 2 tens and | ten. The | ten is then ‘changed’ 
and used as 10 units, 


(b) The method of ‘equal additions’ 


TU ru TU 
In this method the idea described 34 a ; 
at the bottom of the previous page -18 q " ; 8 
is used. But here we add 10 to both i -18 "2 
the 34 and the 18. To the 34 we add 7 = a. 
it in the form of 10 units. To the 18 oe 
we add 1 ten. 


The units can now be dealt with i 
the method of decom 
2 from 3. 

Note: Again there is no 
1 ten (either as 10 units o 


N either of the two ways described for 
position. For the tens, we now have to subtract 


‘borrowing’ or ‘paying back’. We simply add 
T as 1 ten) to each of the two numbers. 
When either of these methods 
can easily be extended to numbers 
Both methods can be understoo 
of decomposition is, however, per’ 


is understood for tens and units it 
of any size. 

d and used by children. The method 
haps easier to understand. 


20 


S.C.E R.T., West Benga) 


ADDITION AND SUBTRACTION 
Date. 2b wide. LEDS rs 
Exercises Acc. No. BELGE, wresseces 
3. Copy and complete the subtraction: 
(a) base six: @42 @ 53 ii) 30 (iv) 54 (v) 4 2 
Ves —35 -25 —-22 -35 
(b) base nine: (i) 82 (i) 70 Gi) 56 (iv) 62 (vy) 30 
—44 —38 —-12 =5'6. =14 
(c) base ten: (i) 62 (i) 50 Gi) 78 Gy) 45 (v)60 
= Ae 123 — 43 —-29 -17 


4. Copy and complete the subtraction: 


(a) base seven: (i) 235 (ii) 42 0 di) 562 (ivy) 400 
—-126 —156 — 65 o-123 
(iv) 200 


(b) base five : @4 03 (232 iii) 40 
4 — 


01 
mil = 44 =—95313 


Ww 


(c) baseten: (i) 695 > 509 (ii) 420 (iv) 67.5 
—248 ee? 87 189 


5. Copy and complete the subtraction (base two): 


@ 101 110 ©1010 @100 10 (@) 10001 
=) 11 —_i1 =) 108 Oe —2 1 Sa 
6. Find the base for the subtraction: 
(a) 54 (b) 3 2 (c) 67 (d) 50 () 101 
el 3. “=f 3 -49 —41 = MG 
a 13 18 5 41 
7. Copy and complete the subtraction: 
(a) base ten: (i) 6235 (ii) 5008 (iii) 23567 
—4689 = 23159) — 8689 
(b) base ten: Qc00009 7000 GD! 0000 
ike: 232007 = 927 
; 3 21 ‘ 
: 5) 2) 3 | 4 LP AK 
5, ma Al = Ley Dt ONS 
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E. Aids to calculation 

Exercises 

8. Look at the three number lines and the coloured line. 
What do you notice about them? 


Write down an addition relationship between the numbers 13, 18 
and 5. Write down two subtraction relationships for these numbers. 
Use the edge of a ruler and the three lines to fing addition and sub- 
traction relationships for other sets of numbers. Write them down 
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9. Find out how to add and subtract with a hand-operated calculating 
machine. 


Olympia Business 
E hand-operated aH a Lid.) 


calculating machine 


Use the machine to find the answers to the following additions and 
subtractions. Check your answers. 

j 5 
(a) 67+ 59 (d)23-—17 —(g) 259 + 467 (j) 6035 + 427 
(b)43 +24 (e)84—55  (h) 840 +923 (k) 8236 — 5092 
(c)92+75 (f) 89-67 (i) 782 — 594 _— (1) 9000 — 8003 


Important ideas in this chapter 
1. Addition and subtraction without ‘changing’. 
2. Addition with ‘carrying’. 
3. Subtraction using the method of: 
(a) decomposition, (b) ‘equal additions’. 
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A. The idea of multiplication and division 

In Book 2, Operations with Sets and Numbers, we saw that, for example, 
we can write 2+ 2 + 2+ 2+ 2+ 2 more shortly as 6 x 2. Earlier 
in this book we also saw that we can list all the multiplication facts up 
to 9 x 9 = 81 in table form. These we have to memorise if we wish to 
multiply. Otherwise we have to go back to addition. For example, to 
find the value of 4 x 9 we either: 


(a) use our knowledge of the multiplication fact 4 x 9 = 36 and give 
the answer, 36; or 
(b) think of 4 x 9as9 + 9 + 9 + 9 and find the total by addition. 


We also found that the natural numbers have the commutative pro- 
perty for multiplication. This helps us in memorising and using the facts. 
For example, if we know that 4 x 9 = 36, then we also know that 
9x 4= 36. 

The importance of understanding multiplication by 10 was empha- 
sised earlier in this book. This need cannot be stressed too much. There is 


little to be gained from going on to consider multiplication with bigger 
numbers unless: 


(a) the multiplication facts up to9 x 9 = 81 are known. 

(b) the commutative property of the natural numbers for multiplication 
is understood. 

(c) multiplication by 10 is understood. 


It is also important that the associative and distributive properties of 
the natural numbers for multiplication should be known and under- 
stood. That is, for example, 


that (2 x 3) x 4=2 x (3 x 4) associative property 
and 2 x (3 + 4) = (2 x 3) + (2 x 4) distributive property 


In Book 2 division was introduced as the opposite, or inverse, operation 
of multiplication. When, for example, we know the multiplication fact 
4 x 9 = 36, we can replace the LJ by a number in both 4 x = 36 
and 1) x 9 = 36. That is, we can complete the division 36 + 4 and 
36 + 9. 

Without a knowledge of the multiplication fact we have to use 
some longer method for the division. For example,44+444+4... 
+ 4+ 4 = 36 (count the fours) or 36 — 4 = 32, 32 __4=28 
g —4 = 4,4 — 4 = 0 (count the number of fours subtracted), 
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e Multiplying by numbers up to 10 
‘o multiply by any number up to 10 (in any base) needs: 


(a) an understanding of place-value. 
(b) a knowledge of the multiplication facts for the base. 

(c) an understanding of multiplication by 10. 

(d) an understanding of addition (with or without ‘carrying’). 
(e) a knowledge of the properties of numbers. 


To check that this is so, consider the multiplication 7 x 13, in base 


ten. We can show our working as: 


7x 13=7x (10 + 3) 


=(7 x 10) + (7 x 3) 


= 70 + 21 
= 91 


ae multiplication is set do 
tens which are ‘carried’, ar 


Exercises 
1. In each of the multiplic 
example above. 


(a) base ten: (5 x 17 

(b) base eight: (i) 6 x 13 

(c) base five: (i) 4 x 12 

2. Copy and complete the multiplication: 

(a) base six: @ 25 (ii) 4 2 
x 4 x 5 

(b) base nine: (i) 87 (ii) 6 4 
eed ih 

(c) base ten: @ 81 (ii) 6 9 
ee x 3 


3. Write down the answer (base ten): 


(a) (Il x 27) + (2 x 27) + ( x 27) + (4 x 27) 
(b) 2 x 475) + (3 x 475) + (5 x 475) 
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using (a) TU 
using (e) 13 

using (c) and (b) he 
using (d) ° iD elhs 


wn, in a vertical form on the right. The 
e shown by the 2 under the line. 


ations below, set out the working as in the 


(ii) 9 x 14 (iii) 7 x 19 
(ii) 4 x 17 (iii) 7 x 17 
(ii) 3 x 13 (iii) 4 x 14 
(iii) 1 3 4 (iv) 25 4 

x 3 SAY 

(iii) 4 8 5 (iv) 60 4 

x 5 x 10 

(iii) 4.0 9 (iv) 6 8 4 

x vd 10) 
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C. Multiplying by 20, 30, 40,..., 90 
As an example let us consider the multiplication 40 x 16 (base ten). 
We know that 10 x 16 = 160. Also 40 = 4 x 10. So, using the associa- 
tive property, we write: 
40 x 16 = (4 x 10) x 16 
= 4x (10 x 16) 
= 4x 160 
= 640 
We could, of course, set down the working as: 
40 x 16 = (10 x 4) x 16 
= 10 x (4 x 16) 
= 10 x 64 
= 640 
From this example we can now say: 
To multiply a number by 40, we can either first multiply 
by 10 and then by 4 or first multiply by 4 and then by 10. 


1 6 
When we set down the working in a vertical form we do x40 
the two steps together. We multiply the 16 by 4 and at 640 
the same time put each digit in the answer one place 
to the left. 
Exercises 
4. (a) base ten: (i) 50 x 35 (ii) 67 x 80 (iii) 40 x 276 
(b) base five: (i) 30 x 42 (ii) 32 x 40 (iii) 20 x 143 
(c) base eight: (i) 60 x 76 (ii) 47 x 50 (iii) 70 x 206 
5. (a) base six: (i) 43 dij) 245 jij) 504 
x30 x_ 40 x 2:0) 
(b) base four: (i) 2:4 ii) 203 @i)i 132 
x20 <0 x 3 0 
(c) base ten: (i) 89 Gi) 607 Gi) 567 
x90 x 3) 0 STO 
6. (a) base ten: (i) 84 (ii) 84 (iii) 84 
x100 x200 x 700 


(b) basetwo: = (i) 10 x 101_— Gi) 100 x 101 (iii) 1000 x 104 
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D. Multiplying by any number 
When we can multiply by any number up to 10 and by 20, 30, 40,..., 
90, the extension to multiplying by any other number is straightforward. 
We take, as an example in base ten, the multiplication 27 x 64. 
Using the horizontal form we write: 


27 x 64 = (20 + 7) x 64 ea 
= (20 x 64) + (7 x 64) fro 
= 1280 + 448 on 
= 1728 


Using a vertical form we can write: 


Ben 
64 64 me , 
xh FT x27 
1280 (20 x 64) or 448 (7 x 64) 
448 (7 x 64) 1280 (20 x° 64) 
1728 (27 x 64) 1728 #8 (27 x 64) 


We see that it does not matter whether we first multiply 64 by 20 and then 
by 7, or first by 7 and then by 20. The result is the same in each case. 


Exercises 
7. In each of the multiplications, set down the working 
zontal and vertical forms, as shown above: 


in both the hori- 


(a) base ten: () 39 x 87 (ii) 85 x 609 iii) 94 x 2357 
(b) base eight: (i) 26 x 67 ~—«(ii) 43. x 560 — iii) 26 x 4076 
(c) base five: (i) 14 x 43 (ii) 21 x 324 — (aii) 34 x 1403 
8. Complete each of these multiplications in base two: 
(a) 10 x 11 (c) 101 x 1011 (e) 1101 x 11011 
(b) 11 x 11 (d) 111 x 1011 (f) 1111 x 11011 
9. For each multiplication find the base used: 
(a) 23 x 15 = 433 (c) 54 x 27 = 1764 
(b) 12 x 21 = 1022 (d) 64 x 19 = 1216 


Looking back at the way in which multiplication develops we realise 
the importance of multiplication by 10. We see that once this is under- 
stood it is easy to move forward to multiplication by larger numbers. 
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E. Dividing by numbers up to 10 (base ten) 

Most children and many adults find division much more difficult than 
addition, subtraction, and multiplication. Again, the reason is that 
they were not given an opportunity to understand the early stages. Too . 
quickly they were taught rules which had no meaning to them. They also 
used phrases, such as ‘goes into’, which did not describe very well what 
they were doing; in fact such phrases make understanding even more 
difficult. 

Earlier in this chapter we saw that we can find the answer to, for 
example, 36 + 4, by making use of the known multiplication fact 
4 x 9 = 36. In the same way we can deal with all divisions which have a 
corresponding multiplication fact. 

A division such as 37 + 4 does not, however, have a corresponding 
multiplication fact. There is no natural number which when multiplied 
by 4, give’ 37. We know that 4 x 9 = 36, but this is 1 less than 37. 

We have to decide what we are going to do about this division. We 
are helped when we remember that in everyday life a division comes 
from a practical situation. So we should look at some everyday situations _ 
before deciding what to do about the answer. 

Here are some examples, all of which can lead to the division 37 + 4. 


(a) Thirty-seven children are arranged in teams of four. How many 
teams are there? 

(b) How many fourpenny stamps can I buy with 37 pence? 

(c) Thirty-seven oranges are shared among four children. How many do 
they each get? 

(d) A piece of string is 37 cm long. It is cut into four equal pieces. How 
long is each piece? 


The answers to these questions are: 
(a) There are nine teams. One child must be left out. 
(b) I can buy nine stamps. I have 1 penny left over. 
(c) There are two possible answers. 
(i) Each child has nine oranges. One orange is left over. 
(ii) Each child has nine oranges and one-quarter of an orange. 
(d) There is one answer. Each piece is 9 cm long. 


From these examples WIRES that there are two types of practical prob- 
lems which lead to the division 37 + 4. 
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In one type we are asked to find how many complete sets of 4 can be 
obtained from 37. The answer is 9 (as in (a), (b), and (c)(i)). We use 
only 36 of the 37. One cannot be used. 

In the other type we are asked to make 4 equal parts out of the 37 (as 
in (c)(ii) and (d)). The answer is 94. 

For a particular practical problem we have to decide in which of these 
two ways the answer should be given. 

Most of us, however, learned to divide before we could deal with 
fractions. We could only use whole numbers. So we were taught only 
the first method. We used the word ‘remainder’ to describe the number 
which could not be used. 

With this in mind we can now go on to other divisions for which there 
are no corresponding multiplication facts. 

As an example, we can look at the division 98 + 6. This is outside the 
Tange of the multiplication facts which we learn for 6. So we cannot use 
Our multiplication facts to give the answer in one step. 

If we think of the division as asking ‘by what must I multiply 6 to get 
98°, we can make a start by using the fact 


= 98 
ihe Fe —~60 (10 x 6 = 60) 
To deal with the other 38 we use the fact ae 
6 x 6 = 36 ARG (6 x 6 = 36) 
Using these two facts together we can 2 
Now say, 
16 x 6 = 96 


This uses all but 2 of the 98. , 
As we have seen, the way in which we give the answer depends upon 


the practical problem we are trying to solve. If the problem is to find how 
many complete sets of 6 there are in 98, then the answer is 16, with 2 left 
over (or, remainder 2). If the problem is to make 98 into 6 equal parts 


then the answer is 164 (one-sixth of 2 is 4). 


Reeve 
1 a ps at division in the way shown above. Give the answer in two 
forms: 
(a) 87 + 6 @© 113+ 7 (e) 105 + 8 (g) 55 +3 
(b) 93 = > (d) 142 + 9 (f) 98 +7 (h) 75 = 4 
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Now let us look at the division 95 + 4. Again, we are outside the 
range of the multiplication facts we memorise, so we must build up the 
answer step by step. 


We start with 10 x 4 = 40 S 
We still have 55 left. This is more than 40. -—40 (10 x 4 = 40) 
So we can repeat 10 x 4= 40 5.5 
We have 15 left. We can now use our facts. —40 (10 x 4= 40) 
3x4=12 1.5 
Looking at these three statements we see that Sai. 8x 4= 12) 
23 x 4= 92 3 


So 95 + 4 = 23, remainder 3 or 95 + 4 = 233. 


Looking back at our steps in this division we see that we could have 
used one step instead of the first two. 
We could.write 20 x 4= 80 
We would then deal with the extra 15 as before. 


In the same way, for the division 139 + 4, we could first say 
10 x 4 = 40, and then count on in forties until we get as near as 
possible to 139. That is, until we get to 120. 


We then write 30 x 4= 120 139 
Taking 120 from 139, leaves 19 to deal with, — 1 20 (30x 4 = 120) 
Now we are within the known facts. 19 

4x4=16 -16 (4x4=16) 
Looking at the two statements we see that _ 

34 x 4= 136 


So 139 + 4 = 34, remainder 3 or 139 + 4 = 343. 


The choice of answer again depends on the practical problem we are 
dealing with. 


When we understand this (a) (b) 
method we can begin to set 

down our working in a 4 

shorter form, such as that 30 34 
shown in (a). 4)139 4)139 
Later, using place-value, 120 (0x 4) 120 
we can omit the 0 in the 30 9 19 
and set down the working as 16 (4x4) 16 
in (b). is - 
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Exercise 

11. Show all the steps for the division: 
(a) 134 + 6 (c) 160 + 7 (2) 250.9 
(b) 147 + 5 (d) 190 + 8 (f) 269 + 8 


(g) 385 +7 
(h) 400 + 6 


For a division such as 529 + 4, we see that our steps can be: 


(i) 100 x 4 = 400 (ii) 30 x 4 = 120 


529 129 
—-400 -120 
129 9 


From these steps we see that 132 x 4 = 528. 


The answer to 529 + 4 is 132, remainder 1, or 1323. ° 


Again for the division 955 + 4, the steps can be: 
(i) 200 x 4 = 800 (ii) 30 x 4 = 120 


oS 5 1/85 
—-800 -120 
155 3:5 


The answer to 955 + 4 is 238, remainder 3, or 2383. 


8 
7 last example can be set (a) ‘ 3 4 
Own in a vertical form, such 
as that shown in (a). 4)955 
Using place-value, the zeros 800 
can be omitted in the answer Des 
and the working set down as 1 2 : 
In (b). : , 
s 
E ; web's 
13. show! all the steps for the division. 
29 + 5 (d) 923 + 3 (g) 1249 + 4 
eae 7 87254 — (hb) 1623 +7 
(c) 920 + 8 (f) 759 + 5 (i) 1902 + 8 
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(iii) 2 x 4=8 


(j) 2347 + 9 
(k) 5600 + 6 
(1) 7493 + 8 
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F. Dividing by numbers greater than 10 (base ten) 

Division by numbers greater than 10 follows the same pattern as for 
numbers up to 10, but now we have no multiplication facts which we 
can use directly (except, of course, multiplication by 10, 100, etc.). A 
few examples should show how we deal with these divisions. 


Our first example is 87 + 13. 

We do not know any multiplication facts for 13. So we can only find the 
answer by ‘trying out’. 

Since 10 x 13 = 130, we know the answer is less than 10. 

It might be 5. Try it. (5 x 13 = 65 and 87 — 65 = 22). 

The remainder is more than 13. 

Try 6.(6 x 13 = 78; 87 — 78 = 9). 

So 87 + 13 = 6, remainder 9, or 6,3. 


oe 
‘The next example is 876 + 13. 
Since 10 x 13 = 130, the answer is greater than 10. 
Since 20 x 13 = 260, the answer is greater than 20. “is 


a 
ox 


oo 
I 
an 


We ‘try out’ until we find that 60 x 13 = 780. 780 
This is as far as we can go (70 x 13 = 910). 96 
876 — 780 = 96, so we now have to divide 96 by 13. Th 
‘Trying out’, we get 7 x 13 = 91. _ = 


The difference between 96 and 91 is 5. 
The answer to 876 + 13 is 67, remainder 5, or 6735. 


Division by other numbers greater than 10 follows this pattern. The 
main requirements are an understanding of place-value and of multi- 


plication by 10, 100, etc. With experience, the time taken on ‘trying out’ 
gets smaller. 


Exercises 
13. Show all the steps for the division: 


(a) 139+17 (©) 605+ 18 (ce) 524+16 (g) 684 + 2] 
(b) 257 + 19 (d) 854 + 15 (f) 800+ 14 = (h) 753 + 32 


14. (a) 635 +37 = (©) 900 + 57_— (e) 456 + 69 ~—(g) 1000 + 47 
(b) 847 + 41 (d)825+19 (f)923+27 = (h) 2654 = 39 
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G. Aids to calculation 
Exercise 
15. Here are two number lines. 


A 


1 


(a) Look at the number line A, on the left. 
What do you notice about the spaces 
between the numbered points? 


(b) Look at the number line B, on the right. 
this line between the numbered points? 
(c) Look at the spaces between 10 and 20 on 


line B. How many are there? 
What number is shown by the point 


marked D? E? 


N 


(d) What number is shown by the point 
marked F? 


(e) Look at the spaces between 30 and 40 on 


line B. How many are there? 
What number is shown by the point 


marked G? 


(f) What number is shown by the point 
marked H? 1? 


many spaces are there between 


490290 and 100? 
ber is shown by the point 


(g) How 
80 an 
What num 
marked J? 


(h) Why do you think that fewer points are 
marked between 70 and 80 than between 


10 and 20? 
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What do you notice about the spaces on 


Somr vw 


100 


«D 


<E 


+F 


«G 


+H 


+I 


+I 
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Here is a set of number lines for multiplication and division. 


A B 
1 1 
2 
3 
2 4 
: 5 
6 
7 
a 8 
Sy 
3 9 
Bq: 10 
Piss 
i 15 
20 
5 ba 
A 
6 ad 
40 iS 
7 50 i 
60 * 
8 
70 i 
9 80 
90 
10 100 


Note: A set of number lines used in this way is called a nomogram,. 
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Exercises 


16. 


18 


20. 


2 


= 


22% 


23. 


24. 


. Use the nomogram to find the answer: 


. Use the nomogram to find the appr 


_ at the three number lines A, B, and C on the opposite page. 
E oe B are copies of the two number lines on page 33. C is the same 
SA. 


(a) Look at the coloured line. What point does it pass through on A? 
on B? on C? 
(b) What multiplication can you write down relating 3, 27, and 9? 
(c) What division can you write down relating 3, 27, and 9? 
Is there more than one division relating 3, 27, and 9? 


. Use the nomogram to find the answer: 


@5x4 (8x3 @7x5 Ix? (i) 6 x 8 
(6x7 (9x6 (4x2 G5x8 MEx7 


(a)20+5 (7248 (€)90+9 (2)24+6 (i) 63 +9 
(bt) 5426 (€)48=6 (f)10+2 ()sl+9 (j) 45 + 5 


. Use the nomogram to find the answer: 


(g)7 x7 (6) eee ae 


(alx1l (©)3x3 ()5x5 
(j) 10 x 10 


(b)2x2 (4x4 (6x6 (h) 8 x 8 
Use the nomogram to find the answer: 

(a)64+8 (c)36+6 (e) 81 +9 (g)1 +1 (i) 100 + 10 
(b)25+5 (d)49+7 (f) 442 (h)9+3 (j) 16+ 4 
oximate answer: 

(a) 30 + 4 (b) 40 + 6 (c) 50+ 9 (d)15+6 (€)70+9 


How would you use the nomogram for the multiplication of num- 


bers from 10 to 100? at 
How would you have to change the numbers on: (i) lines A and C? 


(ii) on line B? 
If you have @ slide rule, 


you notice? 
Find out how to use a hand calculating machine for multiplication 


look at the various scales on it. What do 


and division. Ae 
Practice multiplying and dividing. Check your answers by doing the 


examples without a machine. 
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MULTIPLICATION AND DIVISION 
Important ideas in this chapter 


1. The importance of multiplication by 10, 100, etc. 


2. The importance of the commutative, associative, and distributive pro- 
perties of numbers for multiplication. 


3. The various aspects of division. 
4. Giving the answer to a division in a sensible form. 


2 
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ANSWERS 


1. SOME NUMBER PATTERNS 
1. (a) The numbers increase by 1 moving from 
left to right. 
(b) The numeral in the units position is the 
same all down a column. 
(c) Each number is a multiple of 11. 
(d) As an example, all the numbers in the 
diagonal from 9 to 90 are multiples of 9. 


2. In each case a different pattern is formed. 
The pattern in (c) is part of the pattern in (a). 
The pattern in (f) is part of the pattern in (b). 


w 


. (a) All the multiples of 4 are multiples of 2. 


(b) The numbers which are multiples of 2 « 


and of 3 form a pattern. 
(c) The numbers which are multiples of 3 
and of 4 form a pattern. 


4. The number square is symmetrical about 
the diagonal from top left to bottom right. 
In any diagonal line in the other direction 
the same number is repeated. 


. In each case the pattern formed is different. 
Also each pattern is different from that for 
the corresponding multiples in exercise 2. 


wu 


6. The same comments as for exercise 5. 


The same comments as for exercise 5. 


J 


(a) The numbers in any row increase by 1 
from left to right. The first number in a 


se 


12. 


(a)24+5= 7 @3+4= 7 
(b)5+7=14 @44+7=13 
()4+6=12 ()3+5=10 


. (a) The numbers in the rows always start 


with zero and then increase uniformly 
from left to right. 

(b) The numbers in the third column, for 
example, are the same as those in the 
third row. 

(c) The numbers in the diagonal from 0 to 
81 are square numbers. 


. The pattern is symmetrical about the diag- 


onal from top left to bottom right. 


. There is symmetry because, for example, 


SxT=7x 5S, 
The property is the commutative property. 


. If we know, for example, that 7 x 9 = 63 


we have no need to learn that 9 x 7 = 63. 
We have only 55 facts to remember instead 
of 100. 


. The coloured squares lie on a curve. (This 


curve is called a hyperbola.) 


. The coloured squares for each of (a), (b), 


and (c) lie on curves. (Each of these is also 
a hyperbola.) 


. (a) base five 


row is | more than the first number in xfol1]213)4 
the row above. 

(b) The numbers in the third column, for 0}0/0| 0] oj 0 
example, are the same as those in the 1]0{1] 2] 3] 4 
STON seeaitearael tS 2fo/2| 4fulis 

(c) The numbers on diagonals paralle! 
that from 0 to 18 are either all even or 3 | 0 | 3 [11 }14/22 
all odd. 4 [o [4 [13 [22/31 

% 1 ‘ 1 
9. iar maa about the diagonal oe 
0 18. 
: x]O] 1] 2] 3} 4) 5 
i instance, 
10. eee ir slolel oll oie 

The property is the commutative property. 1}0]1} 2} 3] 4) 5 

IL. (a) base five (b) base four 2/0] 2] 4/10/12) 14 

2 

+{0} 1} 2] 3) 4 +{0} 1} 2] 3 3fo [3 eS 
0/0] 1} 2} 3) 4 oo] 1| 2} 3 4 Oe ar 
1/1] 2] 3] 4f1o fap a} ato 50] 5 (14|23)3 
2)2 | 3] 4}10/11 2}2{ 3}10/11 
3] 3] 4)10/11]12 3 | 3 |10]11]12 
a4 10} 11|12)13 
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20. 


(b) 


21. 


22. 


23. 


24, 


25. 


26. 


27. 


@) x [0 13] 15] 17| 19 


4 |p loo fo 


x|5 


Value in | Value in 
Nambes the base base ten 


10 (base eight) | 1 eight 0 units 8 

10 (base six) 1 six 0 units 6 

10 (base four) 1 four 0 units 4 

10 (base twelve) | | twelve 0 units 12 
(a) (i) 13 (ii) 12 (iii) 20 
(b) (i) 14 (ii) 16 (iii) 20 
(c) (i) 12 (ii) 15 (iii) 20 
(d) (i) (ii) 12 (iii) 20 
(e) (i) 18 (ii) 16 (iii) 20 
(a) (i) 24 (ii) 23 (iii) 31 
(b) (i) 27 (ii) 22 (iii) 66 
(c) (i) 25 (ii) 24 (iii) 54 
(d) (i) 21 (ii) 23 (iii) 22 
(e) (i) 28 (ii) 27 (iii) 75 
(f) (i) 25 (ii) 29 (iii) 86 


The number in the second column (from 
the right) is increased by 1. 


(a) (i) 4 (ii) 22 (iii) 35 
(b) (i) 4 (ii) 22 (iii) 67 
(©) (i) 4 (ii) 22 (iii) 55 
(d) (4 (ii) 22 (ii) 89 


The number in the second column (from 
the right) is decreased by 1. 


(a) (i) 40 (ii) 30 (iii) 100 
(b) (i) 40 (ii) 70 (iii) 100 
(c) (i) 40 Gi) 20 (iii) 100 
(4) (i) 40 (ii) 50 (iii) 100 
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28. (a) (i) 120 (ii) 160 (iii) 500 
(b) @) 120 i) 110 (iii) 200 
(c) (i) 120 (ii) 140 (iii) 450 
(d) (i) 120 - (ii) 190 (iii) 830 


29. In any base, when a number is multiplied 
by 10 the answer has the same digits as the 
original number, but each is one place to 
the left. The empty units column is filled 
by a zero. 


30. This provides a rule for quick multiplica- 
« tion by 10. 


31. (a)7 (b) 4 (c) 2 
32. (a) 14 (c) 23 
(b) 15 (d) 39 
33. (a) (i) 4 (ii) 7 (iii) 4 
(b) (i) 5 (ii) 2 (iii) 3 
(©) (i) 8 (ii) 9 (iii) 4 
34. (a) (i) 12 (ii) 16 Gi) 19 
() a 25 Gi) 27 Gi) 28 
(c) (i) 49 (ii) 50 (iii) 62 
35. It provides a rule for quick division by 10. 
36. (a) 1 (e) 2 (i) 6 
(b) 5 (f) 6 (j) 5 
()8 (g) 8 (k) 9 
(d)0 (h) 1 (I) 9 
37. (a) 6, rem. 9 (e) 20, rem. 5 
(b) 7, rem. 1 (f) 67, rem. 9 
(c) 15 (g) 85, rem. 6 
(d) 19, rem. 2 (h) 90, rem. 9 


38. When a number in any base is divided by 
10, the same digits, except for that in the 
units column, appear in the answer but 
one place to the right. The digit in the 
units column gives the remainder. 


2. SOME PROPERTIES OF 
NUMBER SYSTEMS 


1.@)8 (c) 15 (e) 0 
(b) 9 (dd) 4 (f) 10 
2. (a) 6 (©) 12 (e) 99 
We (d) 12 (f) 99 


The natural numbers for smalleration have 
the commutative Property. 


3. (a) 4 ©1 (0 
(b) 4 (d)1 (f) 0 
The natural numbers for smalleration have 
the associative property. 


ANSWERS 


4. (a) 4 (c) 17 
2) 6 (d) 20 
‘or the natural numbers smalleration is not 
distributive over addition. 


5. (a) 6 (d) 6 (g) 45 
(b) 6 (e) 20 h 45 
(c) 6 (f) 20 i 


Bet the natural numbers addition is distri- 
utive over smalleration. 


6. ei i ; 
There is no identity element for smalleration 


with the natural numbers. 
7. ® 36 (c) 72 (c) 48 
) 36 (d) 72 (f) 48 


ee natural numbers for locomultation 
ave the commutative property. 


8. ® 24 (c) 180 (e) 90 
iC ) 24 (d) 180 (f) 90 
res natural numbers for locomultation 

ave the associative property. 


9. (a) 40 (c) 228 
(b) 32 (d) 96 
For the natural numbers locomultation is 
not distributive over addition. 


10. For the natural numbers addition is not 
distributive over locomultation. 


11. (a) (i) For the natural numbers remain- 
__ deration is commutative. 
(ii) For the natural numbers remain- 
deration is not associative. 

(b) (i) For the natural numbers addition 
is not distributive over remain- 
deration. 

(ii) For the natural numbers remain- 
deration is not distributive over 


addition. 


12. (a) 1 is the identity element for the natural 
numbers under locomultation. 
(b) No. 


3. ADDITION AND SUBTRACTION 


1. (a) 22 (mess 

® rn (d) 100 

=: : (iv) 32 

(a) i 3 @) 3 

(ii) 1 Gy) 5 

x 7 IV, 

(b) Ga (v) 15 

ii) 44 
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© @1s (iv) 16 
(ii) 27 (vy) 43 
(iii) 35 
4.(a) (i) 106 (iii) 464 
(ii) 231 (iv) 244 
(b) (i) 232 (iii) 302 
(ii) 134 (iv) 112 
(©) (447 (ii) 333 
Gi) 337 iv) 486 
5. (a) 10 (©) 101 @ul 
(b) 11 (d) 101 
6. (a) Eight (d) Six 
(b) Four (e) Five 
(c) Ten 
7. (a) (i) 1546 (iii) 14,878 
(ii) 2649 
(b) (i) 3795 (iii) 1673 
(ii) 4993 
4. MULTIPLICATION AND DIVISION 
1. (a) i) 85 (ii) 126 (iii) 133 
(b) (i) 102 (ii) 74 (iii) 151 
(c) (i) 103 (ii) 44 (ii) 121 
2. (a) (i) 152 (iii) 450 
(ii) 334 (iv) 2540 
(b) (i) 772 (iii) 2667 
(ii) 501 (iv) 6040 
(c) (i) 729 (iii) 2863 
(ii) 552 (iv) 6840 
3. (a) 270 (b) 4750 
4.(a) (i) 1750 (iii) 11,040 
(ii) 5360 
(b) (i) 2310 (iii) 3410 
(ii) 2330 
(c) (i) 5640 (iii) 16520 
(ii) 3030 
5.(a) (i) 2130 (iii) 14120 
(ii) 15120 
(b) @ 1020 iii) 11220 
(ii) 12210 
(c) (i) 8010 (iii) 39,690 
(ii) 48,560 


6.(a) (i) 8400 
(ii) 16,800 


(b) @ 1010 
(ii) 10100 


(iii) 58,800 


(iii) 101000 


ANSWERS 


7. The answer to (b)(i) is shown in full. 


26 x 67 = (20 + 6) x 67 
= (20 x 67) + (6 x 67) 


= 1560 + 512 
= oe 
ae 272 
0 2 6 (20 x 67) 
$02 (6 x 67) 
2272 (26x 67) 


(a) (i) 3393 (ii) $1,765 (iii) 221,558 
(b) (@) 2272 (ii) 31120 (iii) 132524 
(c) (i) 1312 (ii) 12404 (iii) 114312 


8.(a) 110 (d) 1001101 
(b) 1001 (e) 101011111 
(c) 110111 (f) 110010101 

9. (a) Six (c) Eight 
(b) Three (d) Ten 


10. (a) 144; 14, rem. 
(b) 183; 18, rem. 
(c) 164; 16, rem. 
(d) 153; 15, rem. 


(e) 13; 13, rem. 1 

(f) 14 

(g) 184; 18, rem. 1 

(h) 183; 18, rem. 3 

11. The answer to (f) is shown in full. 
10x8= 80 3x8=24 


1 ww 


30 x 8 = 240 
269 29 
-240 -—24 
29 mS 


From these steps 33 x 8 = 264 

So 269 = 8 is 33, rem. 5, or 33§. 

(a) 224; 22, rem. 2 () 273; 27, rem. 7 
(b) 293; 29, rem. 2 (f) 338; 33, rem. 5 
(c) 22$; 22, rem. 6 (g) 55 

(d) 233; 23, rem. 6 (h) 663; 66, rem. 4 

12. The answer to (a) is shown in full, 
12.5 


So 629 + 5 is 125, rem. 4, or 125$. 


(a) 125%; 125, rem. 4 (d) 3073; 307, rem. 2 


(b) 1203; 120, rem. 3 (e) 218 


(c) 115 (f) 1513; 151, rem. 4 
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(g) 3124; 312, rem. 1 (j) 2603; 260, rem. 7 
(h) 2318; 231, rem. 6 (k) 9334; 933, rem. 2 
(i) 2373; 237, rem. 6 (1) 9363; 936, rem. 5 


13. The answer to (d) is shown in full. 


© So 854 + 15 is 56, rem. 14, or 5645. 
(a) 83; 8, rem. 3 (e) 323; 32, rem. 12 
(b) 1348; 13, rem. 10 (f) 574; 57, rem. 2 
(c) 3344; 33, rem. 11 (g) 324; 32, rem. 12 
(d) 5614; 56, rem. 14 (h) 2345; 23, rem. 17 

14. (a) 17%; 17, rem.6 — (e) 644; 6, rem. 42 
(b) 2037; 20, rem. 27 (f) 343%; 34, rem. 5 
(c) 1545; 15, rem. 45 (g) 2143; 21, rem. 13 
(d) 4335; 43, rem. 8 — (h) 684%; 68, rem. 2 


17. (a) 20 (e) 35 (h) 40 
(b) 42 (f) 8 (i) 48 
(c) 24 (g) 18 (j) 56 
(d) 54 

18. (a) 4 (e) 10 (h)9 
(b) 9 (f) 5 (i)7 
(c) 9 (g) 4 ()9 
(a) 8 

19. (a) 1 (ce) 25 (h) 64 
(b) 4 (f) 36 (i) 81 
(c) 9 (g) 49 (j) 100 
(d) 16 

20. (a) 8 (e) 9 (h) 3 
(b) 5 (f) 2 (i) 10 
(c) 6 (g) 1 Gi) 4 
(d)7 

21. (a) 7-5 (c) 56 (e) 78 
(b) 6-7 (d) 25 


22. One method is to change the scales on the 

lines A, B, and C so that: 

(i) On A and C each number is multiplied 
by 10, i.e. the graduations are 10, 20, 
30,..., 100; 

(i) On B each number is multiplied by 
100, i.e. the graduations are 100, 200, 
300, . . . , 10,000. 


23. The scales on the slide rule are similar to 
scale A or scale C. 


WORKSHEET 1 (for page 2) 
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WORKSHEET 2 (for page 2) 


o] 1] 2] 3] 4] s 6| 7| 8] 9 
to] 11] 12/13] 14/15) 16! 17118) 19 
20| 21] 22/23] 24] 25] 26] 27 28| 29 
30| 31/32/33] 34/35] 36| 37 38| 39 
40 | 41| 42] 43| 44/45] 46/47] ag] 49 
50] 51] 52| 53] 54] 55] 56 57/38] 59 
60| 61 | 62| 63| 64! 65| 66| 67| 68] 69 
70|71 | 72|73| 74175] 76] 771 781 79 


0| 1] 4 3] 4] 5s] 6] 7] 8] 9 
10/11/12] 13{ 14} 4s 1617/18/19} 
20| 21 | 22] 23| 24] 25] 261 271 28| 29 
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THE NEW MATHEMATICS 
FOR PRIMARY TEACHERS ‘ 


A series of short -books giving teachers and 
student-teachtrs a new mathematical 
background so that they can introduce 
modern’ mathematics in the primary school 
The first five books will provide a background 
to the first three: years of mathematical work 
in the primary school. Further books will 
—Cater for the Whole primary range 


The first five books published are 


_ 1. Numbers and Number Systems 

2) Operations with Sets and Numbers 
3. Finding out about Shapes 

4. Measures and Measuring 

5. Working with Numbers ~ 
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